We propose a tune-free scheme to realize Kramers pairs of Majorana bound states in recently discovered higher-order topological insulators (HOTIs). We show that, by bringing two hinges of a HOTI into the proximity of an s-wave superconductor, the competition between local and crossed Andreev pairing leads to formation of Majorana Kramers pairs, when the latter pairing dominates over the former. We demonstrate that such a topological superconductivity is stabilized by moderate electron-electron interactions. The proposed setup avoids the application of a magnetic field or local voltage gates, and requires weaker interactions comparing to nonhelical nanowires.
Majorana bound states, being prospects of topological quantum computation, have gained much attention in the past decades . However, the paradigm setup for their realization in semiconducting nanowires with strong spin-orbit interaction and proximity-induced superconductivity [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] requires the application of an external magnetic field, which suppresses the superconducting gap and is therefore detrimental to the Majorana bound states themselves.
Alternative routes are taken to seek for the Majorana bound states without an external magnetic field [45] [46] [47] [48] [49] [50] [51] , including spontaneous helical spin textures [52] [53] [54] [55] [56] [57] [58] [59] and crossed Andreev pairing process in double nanowires or the edge channels of two-dimensional topological insulators [60] [61] [62] [63] [64] [65] [66] . In the former setup the spin texture is stabilized by an indirect coupling mediated by itinerant carriers, which is reduced by the superconducting gap. It leads to a tradeoff between a high operation temperature (determined by the indirect coupling) and a short localization length (set by the superconducting gap) of the Majorana bound states. The latter setup, on the other hand, requires a precise control of the chemical potentials in two isolated one-dimensional channels through local voltage gates. These difficulties motivate us to search for a new scheme to avoid fine-tuning of system parameters.
Here we propose a scheme exploiting the recently discovered higher-order topological insulators (HOTIs) [67] [68] [69] [70] [71] [72] [73] [74] . Specifically, we focus on three-dimensional helical secondorder topological insulators. In contrast to the gapless surface states in their first-order counterparts [6, 7, [75] [76] [77] [78] , these HOTIs are characterized by helical hinge states, in which opposite spins move in opposite directions, akin to the spin-momentum locked edge channels in quantum spin Hall insulators [79] [80] [81] [82] [83] [84] [85] . Important for us, these hinges form one-dimensional channels of identical chemical potentials. There exist compelling experimental evidences for the topological hinge states in Bi(111) nanowires and bilayers [73, 86, 87] . In addition, the observed ballistic supercurrent with nearly perfect transmission indicates good contacts between the hinge states and a superconductor [73, 87] , suggesting that bismuth nanowires offer a suitable platform for proximity-induced superconductivity.
In this work we make use of the proximity effect in the helical hinges of a HOTI, where two types of pairing gaps arise, one being the local pairing and the other nonlocal, or crossed Andreev pairing. From a single-particle Hamiltonian, we demonstrate that Majorana Kramers pairs (MKPs) emerge when the crossed Andreev pairing dominates over the local pairing. Then, with the renormalization-group (RG) analysis, we show that a rather weak electron-electron interaction is sufficient to push the system into a regime where the crossed Andreev pairing dominates, thus stabilizing the MKPs at the ends of the HOTI nanowire. We support our effective Hamiltonian method with a supplemental microscopic source-term approach.
Setup. We now describe the proposed setup in detail. When two parallel hinges (along z axis) of a helical HOTI are in contact with an s-wave superconductor, the Cooper pairs in the superconductor can tunnel into the hinges through two processes. The local (nonlocal) pairing process corresponds to the two partners of a Cooper pair tunneling into the same (different) hinge(s). We denote the setup as parahelical (orthohelical), when the helicities of the two hinges are the same (opposite). To be specific, in the parahelical setup, a given spin state (say, spin-down) in the two hinges propagates in the same (say, +z) direction, whereas in the orthohelical setup the spin-down states in the two hinges move in the opposite directions. The momentum conservation of the crossed Andreev pairing processes requires the chemical potentials of the two hinges to be the same (opposite) for the parahelical (orthohelical) setup [61] . Importantly, since the hinges of a HOTI are connected through a third hinge, the chemical potentials are identical without applying local voltage gates, making the parahelical setup a preferable choice for our purpose.
As a concrete example, we consider the recently discovered HOTI material, a bismuth crystal grown along the (111) axis, 1 which hosts helical hinge states [73] ; see the left panel . The x axis of the local coordinate is defined along the perimeter of the hexagonal cross section, and the y axis (not shown) is normal to the lateral facets.
of Fig. 1 . Since the helicities of any two parallel hinges on the same lateral facet are opposite, the orthohelical setup is realized when a superconductor is placed on one lateral facet, in contact with the two parallel hinges. However, to make the crossed Andreev pairing feasible, the otherwise identical chemical potentials of these hinges would need to be finetuned to the opposite through local voltage gates. Instead of considering this impractical scenario, we turn the limitation on the chemical potential into an advantage. Namely, let us imagine that the superconducting layer extends over two lateral facets, as shown in the right panel of Fig. 1 . The superconductor is then in contact with three parallel hinges along z ≡ (111) axis, two of which (labeled by 1 and 2) carry the same helicity while the third one (labeled by 3) the opposite. The uniform chemical potential (assumed to be in the bulk gap and not very close to the Dirac point) allows the crossed Andreev pairing to occur between the hinge 1 and 2. In contrast, the crossed Andreev pairings between the orthohelical hinges [(1,3) and (2,3) pairs] are suppressed due to the momentum mismatch. The hinge 3 is then decoupled from the remaining two; see Supplemental Material (SM) for the details [88] . As a result, the parahelical setup is realized in the hinges 1 and 2 (see Fig. 2 ).
Model. From now on we focus on the two hinges of interest, which are modeled by the fields,
states can be gapped by, e.g., disorder or finite size [73, 83] . We further note that while we take Bi(111) nanowires as an example, our setup can be implemented as well in other recently predicted helical HOTI materials, such as SnTe, Bi 2 TeI, BiSe, and BiTe [69] .
FIG. 2. Schematics of the parahelical setup in the xz plane of the local coordinate (view from the +y direction) with the hinge coordinate r. A superconductor (yellow) is in contact with three long hinges (along z direction), and several short hinges (along x direction). The hinges 1 and 2 are separated by a distance d, where the spin-up states propagate toward the −r direction (red solid arrows) while the spin-down states toward +r (blue solid arrows). The hinge 3 is decoupled from the others. The local (∆1, ∆2) and crossed Andreev (∆c) pairing processes are indicated by the dotted and dashed arrows, respectively. Since the short segments are not aligned in the laboratory frame, ∆c is suppressed if r / ∈ [0, L], while ∆1,2 remains constant for any r. As a result, the boundaries (black dashed lines) are created at r = 0 and r = L (the ends of the nanowire), which are assumed to be far away on the scale of the Majorana localization length [88] . For clarity, only one of the crossed Andreev pairing
with the coordinate r along the hinge, the hinge index n ∈ {1, 2}, the Fermi wave number k F (same for the two hinges), and the slowly varying right-and left-moving fields R n,↓ and L n,↑ , respectively. We will suppress the coordinate r whenever possible, as well as the spin index, the latter being redundant due to the spin-momentum locking. In a noninteracting system, the effective Hamiltonian is given by H = H 0 + H intra + H c , where the kinetic energy term reads
with the Fermi velocity v F . The local pairing term is given by
with the pairing gap ∆ n in the hinge n. The crossed Andreev pairing term is given by
with the pairing gap ∆ c . For simplicity, we take a uniform, real local pairing gap ∆ n > 0, while the crossed Andreev pairing gap ∆ c changes its
, creating two boundaries at r = 0 and r = L, as indicated in Fig. 2 . We assume the hinge length L is sufficiently long so that we can focus only on the boundary at r = 0. Below we will demonstrate the existence of a MKP at such a boundary.
Majorana Kramers pairs. We first identify the criterion for the MKPs in a noninteracting system, before moving on to an interacting system. The singleparticle Hamiltonian Eqs. (2)-(4) can be written in the
dr Ψ † (r)H(r)Ψ(r), with the Hamiltonian density
with ∆ ± = (∆ 1 ± ∆ 2 )/2. In the above, the matrices η µ , τ µ , and σ µ act on the particle-hole, hinge, and spin space, respectively. They are given by the Pauli (identity) matrix for µ = x, y, z (µ = 0). The bulk spectrum is two-fold degenerate due to the time-reversal symmetry, with a gap defined by ∆ b (see SM for the details [88] ). The reversal of the sign of ∆ b , which can be shown to coincide with the sign of (∆ 1 ∆ 2 − ∆ 2 c ), indicates the band inversion and suggests the presence of zero-energy bound states at a boundary.
It can be shown that such bound states are indeed present by solving the corresponding Bogoliubov-de Gennes equation of Eq. (5) at zero energy. By matching the boundary conditions [58, 89] , we find that, when the condition
is fulfilled, a MKP emerges at r = 0 (and another pair at r = L), with their wave functions given in SM [88]. In contrast, when Eq. (6) is violated, the MKPs are absent. We remark that in any realistic setup the change of ∆ c will be less abrupt than the step function assumed in our model. Nevertheless, due to their topological origin, the MKP must be present wherever ∆ b reverses its sign. We therefore conclude that the criterion for the MKP is given by Eq. (6), meaning that the crossed Andreev pairing dominates over the local pairing. Whereas Eq. (6) is not fulfilled in a noninteracting system [90] , a moderate electronelectron interaction can drive the system into the topological superconducting phase hosting MKPs, as we now demonstrate.
Interacting system. First of all, we remark that, since our setup respects the time-reversal symmetry, the elastic backscattering is precluded in the helical channels (unless the time-reversal symmetry is broken by, for example, nuclear spins [91, 92] ). We therefore include only the forward scattering processes into the interaction H int , and bosonize the hinge total Hamiltonian H el = H 0 + H int . This procedure leads to two copies of the helical Tomonaga-Luttinger liquid, 
where a is the short-distance cutoff, taken to be the transverse decay length of the hinge states [91, 92] . The crossed Andreev pairing term is
In the noninteracting limit (K n = 1), the local pairing always dominates. However, we expect that in interacting systems, the crossed Andreev pairing can take over such that the topological criterion [see Eq. (6)] is satisfied. Next, we derive the RG flow equations following the standard, straightforward procedure [93] . For brevity, we refer to SM [88] for the details and only discuss the main results here. To simplify the analysis, we introduce the dimensionless coupling constants,
with the dimensionless scale l = ln[a(l)/a(0)]. For a given set of the initial parameters (at l = 0), we numerically propagate the RG flow equations. We stop the RG flow whenever any of the dimensionless coupling constants becomes unity. At these points we obtain the renormalized pairing gaps, allowing us to examine the criterion for the MKP existence. An example of the RG flow diagram is presented in Fig. 3 , showing how the pairing gaps evolve under the flow. The repulsive interaction tends to reduce both types of the pairings. Importantly, due to the local nature of the Coulomb interaction, the local pairing gap (red dashed curve) is suppressed more significantly than the crossed Andreev pairing (blue solid curve), as expected from the different scaling dimensions of the cosine terms in Eqs. (8)- (9); see also Eqs. (S15) in SM [88] . Therefore, the repulsive interaction favors the nonlocal pairing process. Consequently, even if the initial value of the crossed Andreev pairing gap is smaller than the local pairing gap (we take∆ c (0)/∆ 1 (0) = 1/3 in Fig. 3 ), a sufficiently strong interaction can reverse their relative strengths.
To prove that Eq. (6) with the renormalized pairing gaps is the correct criterion, we note that the end points of the RG flows (indicated by green arrows) are adiabatically connected to the noninteracting limit (K n = 1) without closing the bulk gap again. Here, the model can be referminonized into Eq. (5), with the renormalized pairing gaps [94] . The refermionized model with the renormalized ∆ c and ∆ 1 justifies the existence of MKPs. We therefore conclude that a sufficiently strong interaction drives the system into a topological superconducting phase, hosting MKPs.
Phase diagram. To investigate the stability of the MKPs in the parameter space, we repeat the above numerical procedure in the regime
We present the phase diagram in Fig. 4 , where the green (yellow) color marks the region where a MKP is present (absent) at the end of the HOTI nanowire. When the system is noninteracting [K 1 (0) = 1], the MKPs are absent, consistent with Ref. [90] . However, for a ratio of ∆ 1 (0)/∆ c (0) 1, a rather weak interaction K n (0) 1 can stabilize the MKPs. The larger the ratio of ∆ 1 (0)/∆ c (0) is, the stronger interaction is required to reverse the gap strengths. A very strong interaction (red region), however, destroys both types of the pairing gaps, as indicated by the RG flow equations; see Eqs. (S15) in SM [88] . Consequently, the hinge channels remains nonsuperconducting for K 1 (0) < 2 − √ 3 ≈ 0.27. In comparison with spin-degenerate nanowires [66] , our setup requires weaker interactions for MKPs, making HOTIs a promising platform for topological superconductivity without the need of magnetic fields.
Discussion. We further confirm our results with a microscopic model, supplementary to the above effective Hamiltonian method. Such a source-term method is able to capture the effects of the inter-hinge separation d and the coherence length of the superconductor [66, 95] . The corresponding RG flow equations and phase diagram are given in SM [88], where we show that the crossed Andreev pairing is dominant in the presence of moderate interactions for d = 50 nm. In addition to the MKPs, our setup can also work as a Cooper pair splitter-a source of spatially separated spin-entangled electron pairs [96] [97] [98] [99] [100] [101] [102] [103] [104] [105] . Finally, we remark that quantum computation schemes utilizing MKP braiding have been widely discussed in the literature [106, 107] . Our setup provides building blocks for the measurement-based structures proposed in Ref. [108] [109] [110] , which offers a route to scalable architectures for topological quantum computation.
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ψ n,↓ (r) =R n,↓ (r)e ikF r for n ∈ {1, 2}, (S1c)
with the coordinate r along the hinge, the Fermi wave number k F , and the slowly varying right-and left-moving fields R n,σ and L n,σ (the spin index σ ∈ {↑, ↓}), respectively. A Bardeen-Cooper-Schrieffer (BCS) type pairing term between the hinges n and n ′ is in the form of
with the momentum k, which puts constraints on the momenta and spins of the allowed pairs. Namely, for the electrons to be paired, they must possess zero total momentum and opposite spins. The pairing processes within/between the three helical hinges are sketched in Fig. S1 . The local pairing terms (n = n ′ ) for hinges 1 and 2 are given by Eq. (3) in the main text, and, for hinge 3, it is given by
with the local pairing gap ∆ 3 . These terms are indicated by the black dotted arrows in Fig. S1 . On the other hand, the crossed Andreev pairing term (n = n ′ ) requires more cautions. Due to the identical chemical potential of the hinges, the pairing between the parahelical hinges (1 and 2) is allowed, which is described by the green dashed arrows in Fig. S1 [see Eq. (4) in the main text], whereas the corresponding terms between the hinges 3 and n ∈ {1, 2} are given by
The integral in Eq. (S4) contains a fast oscillating integrand, and vanishes for k F L ≫ 1. As a result, the cross Andreev pairing between the third hinge and the others is suppressed due to the momentum mismatch, so we can describe the two subsystems separately. To be specific, we describe the whole The hinges 1 and 2 carry the same helicity (a given spin state in both of the hinges move in the same direction) while the hinge 3 has the opposite helicity. The local pairing (black dotted arrows, ∆n) occurs within the hinges. In contrast, the crossed Andreev pairing process (green dashed arrows, ∆c) is allowed only between the hinges 1 and 2, and forbidden between the other pairs due to the momentum mismatch.
system of the three hinges by the total Hamiltonian, H tot = H + H 3 , which is block-diagonalized into two parts,
with the basis
The Hamiltonian density H in the subspace of hinges 1 and 2 is given in Eq. (5) in the main text. In the subspace of hinge 3, we have
so the third hinge is trivially gapped by the local pairing, and decoupled from the others. This allows us to focus on two hinges that are parahelical to each other. We therefore present an effective model H for the two parahelical hinges of interest (1 and 2) in the main text.
BULK SPECTRUM AND THE WAVE FUNCTIONS OF THE MAJORANA KRAMERS PAIR
In this Section we give the bulk spectrum of the singleparticle Hamiltonian H(r) in Eq. (5), and the wave functions of the Majorana Kramers pair localized at the boundary r = 0, arising from Eq. (5). Upon replacing −i∂ r → k in H(r) and diagonalization, we find the two-fold degenerate bulk spectrum
which has a gap at k = 0. To be specific, we define the bulk gap as
Assuming ∆ 1 , ∆ 2 > 0, the sign of ∆ b is given by the sign of
indicating that the bulk gap ∆ b changes it sign when the local and crossed Andreev pairings reverse their relative strengths. We remark that, for ∆ 1 and ∆ 2 with general signs, ∆ b can reverse its sign without involving the crossed Andreev pairing. It can be demonstrated by setting ∆ c = 0 in Eq. (S9). In this case, ∆ b becomes negative when the signs of ∆ 1 and ∆ 2 are opposite (π-junction). The π-junction setup is, however, beyond the scope of the present work [S1-S7] . In the main text, we therefore focus on the case where ∆ 1 and ∆ 2 are both positive.
We now turn to the wave functions of the Majorana Kramers pair. When ∆ 2 c > ∆ 1 ∆ 2 , we find that a Kramers pair of Majorana bound states emerges at the boundary r = 0, with the wave functions Φ MF,1 and Φ MF,2 . In the basis of
T with the transpose operator T, we have Φ MF,1 (r) = Φ > (r)Θ(r)+Φ < (r)Θ(−r), with the step function Θ(r) and
where the normalization constants of Φ > (r) and Φ < (r) were omitted, and
The localization length of the Majorana bound states is thus given by
which is estimated in the following section. The second Majorana wave function is related to its Kramers partner by Φ MF,2 = T Φ MF,1 with the time-reversal operator T = iσ y K and the complex conjugate operator K. We note that the two Majorana wave functions also satisfy the relation Φ MF,1 = −T Φ MF,2 , such that T 2 = −1, as required for spin-1/2 particles. One can check that Φ MF,1 and Φ MF,2 are orthogonal, as guaranteed by the Kramers degeneracy theorem. Therefore, even though they are not spatially separated, they do not hybridize into an ordinary fermion as long as time-reversal symmetry is preserved.
BOSONIZATION
In this supplemental section we introduce the boson fields θ n and φ n used to bosonize the Hamiltonian in an interacting system. They are related to the fermion fields R n and L n through (with the hinge index n ∈ {1, 2})
where U R and U L are the Klein factors, and a is the shortdistance cutoff, taken to be the transverse decay length of the hinge states. The formulas (S14) are used to derive Eqs. (7), (8) , and (9) in the main text.
RG FLOW EQUATIONS DERIVED FROM THE EFFECTIVE HAMILTONIAN METHOD
In this Section we give the renormalization-group (RG) flow equations derived by using the effective Hamiltonian method [see Eqs. (7), (8) , and (9) in the main text]. Since Eq. (9) contains the fields φ n while Eq. (8) contains their conjugate fields θ n , the two types of pairing processes compete with each other [S8] . We then expect that their relative strength varies with the interaction strength, as we demonstrate below.
amplitude is given bỹ
with the hinge length L and the coherence length ξ s of the superconductor. The coefficients of the source terms are given by
with the modified Bessel function of the first-(second-)kind, [S11] . In contrast, in the effective Hamiltonian model, such a dependence is not explicitly included, and has to be incorporated by setting an initial ratio ∆ c (0)/∆ 1 (0) < 1. Nonetheless, as demonstrated below, our numerical calculation show that such a reduction is modest for a small ratio of d/ξ s , so the crossed Andreev pairing can eventually dominate over the local pairing in the presence of interactions.
The RG flow equations Eqs. (S21) are numerically solved along with the following initial parameter values As a side remark, in the small K 1 (0) (strongly interacting) regime, the gaps do not flow to exact zero. This is due to the source terms contained in Eqs. (S21). As mentioned above, in contrast to Eqs. (S15), these source terms contribute to the flow equations for∆ n and∆ c in Eqs. (S21). Therefore, in the presence of a strong interaction, the RG flows of these parameters are stopped by the hinge length of O(µm) before going to zero, leading to tiny but finite gaps. In plotting Fig. S2 , we therefore label the region in which both the renormalized gaps∆ c and∆ 1 are less than 0.1 as the "small pairing gaps" region (marked in red color). This region then corresponds to the normal phase (no pairing) in Fig. 4 . In conclusion, the source-term approach confirms the results presented in Fig. 4 in the main text.
